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Appendix B
The Karamata Theorem
In Chapter 3, to obtain the asymptotic distribution of eigenvalues, we applied
the following Tauberian theorem due to Karamata. For the proof we refer to
[44, Theorem 10.3].
We prove also a weaker version which we have not been able to find in the
literature.
Let µ a positive Borel measure on [0,∞) such that
µˆ(t) =
∫ ∞
0
e−txdµ(x) <∞
for all t > 0. The function µˆ : (0,∞) → R is called the Laplace Transform of
µ. The theorem relates the asymptotic behavior of µ([0, x]) as x → ∞ to the
asymptotic behavior of µˆ(t) as t→ 0.
Theorem B.0.11. Let r ≥ 0, a ∈ R. The following are equivalent:
(i) limt→0 trµˆ(t) = a;
(ii) limx→∞ x−rµ([0, x]) =
a
Γ(r + 1)
where Γ is the Euler’s Gamma Function.
We have also used the following weaker version of the previous theorem which
we have not been able to find in the literature. In the proposition below we fix
a nonnegative, nondecreasing sequence (λn)n∈N such that exp{−λnt} ∈ l1(R)
for every t > 0.
Proposition B.0.12. Let r > 0, C1 > 0 such that
lim sup
t→0
tr
∑
n∈N
e−λnt ≤ C1. (B.1)
Then
lim sup
λ→∞
λ−rN(λ) ≤ C1 e
r
rr
.
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Moreover if (B.1) holds and
lim inf
t→0
tr
∑
n∈N
e−λnt ≥ C2 (B.2)
for some C2 > 0 then
lim inf
λ→∞
λ−rN(λ) ≥ C3
for some positive C3.
Proof. Let us suppose that B.1 holds. Then, given ε > 0, there exists
δ > 0 such that if t ≤ δ ∑
n∈N
e−λnt ≤ C1 + ε
tr
.
This implies that for λ > 0
N(λ)e−λt =
∑
λn≤λ
e−λt ≤
∑
n∈N
e−λnt ≤ C1 + ε
tr
.
So
N(λ) ≤ (C1 + ε)e
λt
tr
in [0, δ]. Minimizing on t in such interval it follows
N(λ) ≤ (C1 + ε)λr e
r
rr
for λ large enough.
Suppose now that (B.1) and (B.2) hold. Then, given ε > 0, for t small enough,
we have
C2 − ε
tr
≤
∑
n∈N
e−λnt =
∑
λn≤λ
e−λnt +
∑
λ≤λn≤2λ
e−λnt + . . . ≤
∞∑
k=1
e−λ(k−1)tN(kλ).
We have
sN(sλ) ≥
s∑
k=1
e−λ(k−1)tN(kλ)
and, using the upper bound obtained in the first part of the proof, for λ large
enough,
sN(sλ) ≥ C2 − ε
tr
− Cλr
∞∑
k=s+1
e−λ(k−1)tkr.
Setting t = 1λ , then t is small when λ is large enough and one obtains
sN(sλ) ≥ (C2 − ε)λr − Cλr
∞∑
k=s+1
e−(k−1)kr.
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Choosing now s sufficiently large we obtain
sN(sλ) ≥ C3λr
and the proof follows.
Arguing as in the previous proposition, it is possible to prove the following
result.
Proposition B.0.13. Let C1 > 0 such that
lim sup
t→0
t
N
2
(− log t)Nα
∑
n∈N
e−λnt ≤ C1. (B.3)
Then
lim sup
λ→∞
λ−
N
2 (logλ)−
N
αN(λ) ≤ C2
for some positive C2. Moreover if (B.3) holds and
lim inf
t→0
t
N
2
(− log t)Nα
∑
n∈N
e−λnt ≥ C3 (B.4)
for some C3 > 0 then
lim inf
λ→∞
λ−
N
2 (logλ)−
N
αN(λ) ≥ C4
for some positive C4.
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